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The ray isolates those properties of numbers and functions which are commonly called multiplicative.
The present note extends to r >1 arguments the ray devised in a former paper* to codify and extend the multiplicative properties of integers. The ray here relates to sets of r integers, r^l.
As in the case r = 1 it was pointed out that the elements taken as arguments of the functions concerned could be identified with the elements of any abelian group, so here there is easily obtainable the obvious generalization to functions whose arguments are taken from r abelian groups. Except in the special case when the numerical functions of r>\ arguments are products of r functions each of a single argument, there is no longer, as in the case r = l, a second isomorphism with algebraic functions in r variables. The properties of integers to which the case r>l refers in general are genuine properties of a set of r arbitrary constant integers, and they constitute an extension to such sets of the multiplicative properties of a single integer (rational or algebraic; if the latter, resolved into ideal factors). An instance of a function of r>l arguments which is not essentially the product of r functions of r single arguments is the G. C. D. of r integers.
The multiplication and division in the ray are specific operations having the abstract properties of MD, but not identical, in relation to the arguments, with the MD of common arithmetic.
Multiplication.
Call f=f(xi, Let N r = (ni, n 2 , • • • , n r ) be an ordered set of r arbitrary constant integers each >0. Resolve %i into / integral factors each ^1,
, in which 23 refers to all n 3i (j=l, •••,/; i = 1, • • -, r) as defined which satisfy (1), will be written (3) fifi-'ft and will be called the product of f h f 2 , • • • , f r for the parameter N n or, when N r is understood, simply the product.
The number of terms in (3) when distributed as a sum of terms each of the form (2) is
where v(n)=the number of divisors of n.
From (1), (2) it follows that the multiplication just defined is commutative and associative.
The unit of this multiplication is the numerical function u=u(xi, ---, x r ), which vanishes except when Xj = l(j = l, -
«ƒ=ƒ. In (4), as in every equality between numerical functions, it is understood that the functions have the same parameter ; thus the parameter of uf and of ƒ is N r .
The zero of multiplication is the numerical function w which vanishes for all parameters. Hence from (3), (5) wf = w.
Division.
Precisely as in the case of functions of a single argument* it can be shown that for ƒ any given For r = l this theorem is well known (due to Liouville). With certain precautions and modifications (particularly as to the definition of zero elements) it is possible to construct f°r f>g>h>''' a theory of each of the 15 possible types mentioned in the introduction. The ray however seems to be the only natural sequent to existing properties of numerical functions in the case r = l.
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